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Abstrat
The Fibonai Hamiltonian, that is a Shrödinger operator assoiated
to a quasiperiodial sturmian potential with respet to the golden mean
has been investigated intensively in reent years. Damanik and Therem-
hantsev developed a method in [10℄ and nd a non trivial dynamial
upper bound for this model. In this paper, we use this method to gen-
eralize to a large family of Sturmian operators dynamial upper bounds
and show at suently large oupling anomalous transport for operators
assoiated to irrational number with a generi diophantine ondition. As
a ounter example, we exhibit a pathologial irrational number whih do
not verify this ondition and show its assoiated dynami exponent only
has ballisti bound. Moreover, we establish a global lower bound for the
lower box ounting dimension of the spetrum that is used to obtain a
dynamial lower bound for bounded density irrational numbers.
1 Introdution
IfH is a self-adjoint operator on a separable Hilbert spaeH, the time dependent
Shrödinger equation of quantum mehanis, i∂tψ = Hψ, yields to a unitary
dynamial evolution in H,
ψ(t) = e−itHψ(0).
Under the time evolution, ψ(t) will generally spread out with time. This
ould be a ompliated question to quantify this spreading in onrete ases.
One of the most studied ase is where H is given by L2(Rd) or l2(Zd), H is a
Shödinger operator of the form −∆+ V , and ψ(0) is a loalized wavepaket.
The form of the potential V is depending on the physial model one studies.
One of the most studied is the Sturmian potential and its partiular subase,
the Fibonai Hamiltonian, desribing a standard one-dimensional quasirystal.
The rst approah to study quantum dynamis is the spetral theorem.
Reall that eah initial vetor ψ(0) = ψ has a spetral measure, dened as the
unique Borel measure verifying
〈ψ, f(H)ψ〉 =
∫
σ(H)
f(E)dµψ (E)
1
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for every measurable funtion f . 〈., .〉 denotes the salar produt of H. A major
step in the theory disovered by Guarneri ([13℄, [14℄) was that suitable ontinuity
properties of the spetral measure dµψ implies lower bounds on the spreading
of the wavepaket. It was then extended by many authors in [3℄, [15℄, [23℄,
[21℄. Continuity properties of the spetral measure follows from upper bounds
on measure of intervals, µψ([E − ε, E + ε]), E ∈ σ(H), ε → 0. Later on, many
authors rened Guarneri's method ([2℄, [16℄, [28℄) allowing to take into aount
the whole statistis of µψ([E − ε, E + ε]), E ∈ R. One an nd better lower
bounds with information about both measure of intervals and the growth of the
generalized eigenfuntions uψ(n,E) ([21℄, [28℄).
In the ase of Shrödinger operators in one spae dimension, the informa-
tion on the spetral measure and on generalized eigenfuntions is linked to the
properties of solutions to the dierene (also alled sometimes free) equation
Hu = Eu ([6℄, [11℄, [12℄, [18℄, [19℄, [29℄). Expliit lower bounds on spreading
rate for numerous onrete ases ome from an analysis of these solutions ([5℄,
[6℄, [12℄, [18℄, [19℄, [21℄).
The seond approah to dynamial lower bounds in one dimension is based
on the Parseval formula,
2pi
∫ ∞
0
e−2t/T |〈e−itHδ1, δn〉|2dt =
∫ ∞
−∞
|〈(H − E − i
T
)−1δ1, δn〉|2dE.
This method developed in [8℄, [9℄ and [29℄ is the basis for the results in [7℄ and
[20℄. This method has the advantage that it gives diretly dynamial bounds
without any knowledge of the properties of spetral measure. What is required
is upper bounds for solutions orresponding to some set of energies, whih an be
very small (non empty is suient). Moreover, additional information allows to
improve the results. A ombination of both approah leads to optimal dynamial
bounds for growing sparse potentials (see [29℄).
As mentioned before, there is a fairly good understanding of how to prove
dynamial lower bounds, speially in one spae dimension. Results of dynamial
upper bounds are a few and more reent. Proving upper bounds is hard beause
one needs to ontrol the entire wavepaket. In fat, the dynamial lower bounds
that typially established only bound some (fast) part of the wavepaket from
below and this is suient for the desired growth of the standard dynamial
quantities. In the same way, it is of ourse muh easier to prove upper bounds
only for a (slow) portion of the wavepaket. Killip, Kiselev and Last devel-
oped this idea with suess in [22℄. Their work provides expliit riteria for
upper bounds on the slow part of the wavepaket in terms of lower bounds on
solutions. Applying their general method to the Fibonai operator, their re-
sult supports the onjeture that this model exhibits anomalous transport (i.e.
neither loalized, nor diusive, nor ballisti).
The onjeture for Fibonai model is nally proved at suiently large
oupling by Damanik and Theremhantsev in [10℄. They developed a general
method establishing a onnetion between solutions properties and dynamial
upper bounds. Based on the parseval formula, this method allows to bound the
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entire wavepaket from above provided that suitable lower bounds for solution
(or rather transfer matrix) growth at omplex energies are available.
It is the main purpose of this paper to extend the appliation of this general
method used for onrete Fibonai model to almost every Sturmian potentials.
We will show that one has anomalous transport for Sturmian model assoiated
to irrational number far enough from rational numbers, in a sense we develop
further. On the ontrary, we onstrut an irrational number lose enough to
rational number that yields to balisti motion.
In this paper, we use tools that are relevant to give a new lower bound for
the box dimension of the spetrum that is better for almost every irrational
numbers. Sine the spetrum is a Cantor set with Lebesgue measure zero, it
is logial to investigate its fratal dimension. It is well known that this Cantor
set is the limit of band spetra of approximant operators [27, 1℄. To nd the
bound, we use band spetra at rank n as a sequene of εn-over of the spetrum.
Using the informations given in [26℄ about the number of band in periodi band
spetra and in [25℄ about the length of the bands, we estimate εn and give a
bound for the number of band of this diameter . This yields to a bound from
below of the minimal number of balls of diameter εn one needs to over the
spetrum. This bound also has a diret dynamial appliation and allows us
to state a dynamial lower bound using the method in ([28℄). It is required
for this lower bound to have the transfer matrix norms polynomially bounded.
This property is shown to be true for bounded density irrational number in [17℄,
hene more is not expeted. This limits dynamial impliation of this lower
bound to a set of irrational number of Lebesgue measure 0.
We will give preise statements of the model we study and our results in the
next setion. Setion 3 will be devoted to the proof of our main result. We give
a pathologial example in the setion 4 and a new lower bound for box ounting
dimension of the spetrum in setion 5.
2 Model and Statements
We limit our study to the one dimensional disrete Shrödinger operator Hβ ,
[Hβψ](n) = ψ(n+ 1) + ψ(n− 1) + V (n)ψ(n) (1)
ating on l2(Z), assoiated to a sturmian potential V (n) given by
V (n) = (⌊(n+ 1)β⌋ − ⌊nβ⌋)V
with β an irrational number in [0, 1] and V a positive onstant. We denote
ontinued fration expansion of β by
β =
1
a1 +
1
a2+...
= [0, a1, a2, . . . ]
The Fibonai Hamiltonian, Hβ with β =
√
5−1
2 = [0, 1, 1, . . . ] is the more
simple example in Sturmian model beause of its partiular ontinued fration
development.
2 MODEL AND STATEMENTS 4
Sine we are interested by dynamial bounds, let us reall some quantities
we want to bound:
We denote the time average outside probabilities
P (N, T ) =
∑
|n|>N
a(n, T ),
with
a(n, T ) =
2
T
∫ ∞
0
e−2t/T |〈e−itHδ1, δn〉|2dt.
For all α ∈ [0,+∞], see [12℄
S−(α) = − lim inf
T→∞
logP (Tα − 2, T )
logT
and
S+(α) = − lim sup
T→∞
logP (Tα − 2, T )
logT
The following ritial exponents are partiular of interest:
α±l = sup{α ≥ 0 : S±(α) = 0},
α±u = sup{α ≥ 0 : S±(α) <∞}.
They verify 0 ≤ α±l ≤ α±u . In partiular, if γ > α+u then P (T γ, T ) goes to
0 fast. α±l an be interpreted as the (lower and upper) rates of propagation of
the essential part of the wavepaket and α±u as the rates of propagation of the
fastest part of the wavepaket.
Moreover, we always have for this kind of models α+u ≤ 1. This upper bound,
alled ballisti, is the fastest rate of spreading of the wavepaket.
Sturmian potentials (quasiperiodi struture) are the buer situation be-
tween random potentials (no struture in potential) that imply dynamial lo-
alization (α±u = 0) and periodi potentials that imply ballisti spreading that
is α±u = 1.
More preisely, one has a non trivial stritly positive bound for almost all
irrational numbers. In a sense we will make more preise latter, these irrational
numbers are far enough from rational numbers. On the other hand, we show for
irrational number lose enough to rational number, one has ballisti motion.
The rst objetive of this paper is to give a non ballisti upper bound for a
large set of irrational numbers.
Reall the sequenes assoiated to β:
p−1 = 1, p0 = 0,
q−1 = 0, q0 = 1,
pk+1 = ak+1pk + pk−1
qk+1 = ak+1qk + qk−1
We an now state our main result:
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Theorem 1. Let β be an irrational number and Hβ dene as in (1) with a
sturmian potential assoiated to β. Assume that V > 20. If D = lim supk
log qk
k
is nite then
α+u ≤
2D
log
(
V−8
3
) .
Moreover, for an irrational number with ontinued fration expansion on-
taining no 1, the dynamial upper bound beomes
α+u ≤
D
log
(
V−8
3
) .
Remark 1. It is lear that taking V large enough, one an obtain a non trivial
bound that is smaller than 1.
It is well known that the set of irrational numbers satisfying D nite is
Lebesgue measure 1. For any algebrai number, that is with a periodi ontinued
fration development, one an easily ompute D. Moreover, expliit valuation
for D is more general and we reall now a Khinthin interesting probability
result:
Lemma 1. (Khinthin) For any β ∈ [0, 1], dene the sequene
qk+1 = ak+1qk + qk−1, q0 = 1, q−1 = 0.
For almost all β with respet to Lebesgue measure,
D = lim sup
k
log qk
k
= DK =
pi2
12 log 2
.
and
M = lim inf
k
(a1 . . . ak)
1
k = CK = 2.685...
CK is alled the Khinthin onstant.
Corollary 1. For Lebesgue almost every irrational numbers β, we have
α+u ≤
2DK
log
(
V−8
3
) .
Proof. It follows straightfully from previous theorem 1 and Khinthin lemma.
Corollary 2. For a preious number, that is ω = [0, a, a, a, a, ...], a 6= 1 the
bound beomes
α+u ≤
log(a+ ω)
log
(
V−8
3
) .
Proof. One an ompute qk easily for suh numbers.
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On the ontrary, if D is innite, one an have ballisti motion at all large
oupling:
Theorem 2. There exist an irrational number ω with D = +∞ suh that for
any V > 20 the dynami of Hω is ballisti
We also prove a new lower bound for the fratal dimension of the spetrum:
Theorem 3. Denote Ck =
3
k
∑k
j=1 log(aj + 2). We have for any irrational
number β verifying C = lim supCk < +∞ and V > 20:
dim+B(σ) ≥
1
2
log 2
C + log(V + 5)
(2)
where σ is the spetrum of Hβ.
3 Proof of the theorem 1
When one wants to bound all these dynamial quantities for spei models,
it is useful to onnet them to the qualitative behavior of the solutions of the
dierene equation
ψ(n+ 1) + ψ(n− 1) + V (n)ψ(n) = zψ(n) (3)
with z ∈ C and ψ a non-zero vetor.
One an reformulate this equation in terms of transfer matrix .(
ψ(n+ 1)
ψ(n)
)
= F (n, z)
(
ψ(1)
ψ(0)
)
with
F (n, z) =


T (n, z)...T (1, z) n ≥ 1,
Id n = 0,
[T (n, z)]−1....[T (0, z)]−1 n ≤ −1.
and
T (m, z) =
(
z − V (m) −1
1 0
)
We denote
Mk(z) = F (qk, z) =


T (qk, z)...T (1, z) n ≥ 1,
Id k = 0,
[T (qk, z)]
−1....[T (0, z)]−1 n ≤ −1.
.
The following statement allows us to onnet transfer matrix norms with
dynamial exponents (see [10℄ for details).
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Theorem 4. Let Hβ be dene as in (1) and K ≥ 4 is suh that σ(Hβ) ⊆
[−K + 1,K − 1]. Then, the outside probabilities an be bounded from above in
terms of transfer matrix norms as follows:
Pr(N, T ) . exp(−cN) + T 3
∫ K
−K
(
max
1≤qk≤N
∥∥∥∥Mk(E + iT )
∥∥∥∥
2
)−1
dE,
Pl(N, T ) . exp(−cN) + T 3
∫ K
−K
(
max
−N≤qk≤−1
∥∥∥∥Mk(E + iT )
∥∥∥∥
2
)−1
dE.
the impliit onstants depend only on K and c is a universal positive onstant.
This theorem onnets transfer matrix behavior with a dynamial upper
bound in the following way. Choosing N = N(T ) = CTα suh that the both
integrals deay faster that any inverse power of T , implies that P (N(T ), T ) goes
to 0 faster that any power inverse of T . By denition, of α+u , it follows that
α+u ≤ α. To exhibit suh kind of ondition, we have to prove the onsidered
energy is not in the spetrum, then the transfer matrix norm is shown to grow
super exponentially.
We shall reall now a few properties of the transfer matrix and their traes.
The transfer matrix sequene veries the evolution in k (see e.g. [27℄,[26℄)
Mk+1(z) =Mk−1(z)Mk(z)ak+1 (4)
In order to bound from below the sequene of the norm of transfer matrix,
it is enough to onsider their traes. We reall now the following result one an
nd in [26℄.
Proposition 1. Let tk,p be the trae of the matrix Mk−1M
p
k . The evolution
along the p index is given by
tk,p+1 = tk+1,0tk,p − tk,p−1,
and onsequently,
tk,p+1 = Sp(tk+1,0)tk,1 − Sp−1(tk+1,0)tk,0 (5)
= Sp(tk+1,0)tk,0 − Sp±1(tk+1,0)tk,−1 (6)
The evolution along the k index is related to the p-evolution by
tk+2,0 = tk,ak+1 ,
tk+1,1 = tk,ak+1+1,
tk+1,−1 = tk,ak+1−1.
If one denotes by xk = tk+1,0 the trae of Mk and zk = tk,1 the trae of
Mk−1Mk. This an be redue to the usual trae map relation (5)
xk+1 = zkSak+1−1(xk)− xk−1Sak+1−2(xk),
zk+1 = zkSak+1(xk)− xk−1Sak+1−1(xk),
with initial onditions, x−1 = 2, x0 = z et z0 = z − V .
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Remark 2. This two sequenes are dependent on z but we will omit it in order
to simplify notations.
Here, Sl denotes the l
th
Thebyhev polynomial of the seond kind:
S−1(x) = 0,
S0(x) = 1,
Sl+1(x) = xSl(x)− Sl−1(x), ∀l ≥ 0.
The sequene {xk(z)}k an have two dierent behaviors depending on z.
If and only if z lies in the spetrum of Hβ then this sequene is bounded. A
riterium has rst been stated by Süt® in [27] for Fibonai Hamiltonian and
extended by Bellissard et Al. in [1℄ for other irrational numbers. The attendane
of δ is purely tehnial and doesn't hange the proof.
Lemma 2. A neessary and suient ondition that {xk(z)}k be unbounded is
that
xN−1(z) ≤ 2 + δ, xN (z) > 2 + δ, zN(z) > 2 + δ
for some N ≥ 0. This N is unique. Denote
Gk = Gk−1 + akGk−2, G0 = 1, G−1 = 1.
We have
|xk+1| ≥ |zk| ≥ ecGk−N + 1 ∀k > N.
with c = log(1 + δ) > 0 onstant.
This riterium motivates the following denition:
Denote σk,p = {E ∈ R, |tk,p(E)| ≤ 2}.
Denote also βn =
pn
qn
, the rational approximation of β. It is well known the
set σk,0 oinide with the spetrum of the operator Hβn , where βn replae β
in the denition of Hβ. The sequene of operator {Hβn} is alled the periodi
approximants of Hβ and onverges strongly to Hβ . It is well known spetrum of
Hβ is a Cantor set that an be approximate by the band spetra of the periodi
approximants. The following proposition realls preisely this statement ([27℄,
[1℄), [30℄):
Proposition 2. The sequene of spetra of periodi approximants of Hβ is suh
that
(i) the set σk,p is made of pqk + qk−1 distint intervals,
(ii) σ ⊂ σk+1,0 ∪ σk,0 and σk,p+1 ⊂ σk+1,0 ∪
(
σck+1,0 ∩ σk,p
)
, ∀k ∈ N,
(iii) σk+1,0 ∩ σk,p ∩ σk,p−1 = ∅, ∀V > 4 and ∀k ∈ N, p ≥ 0.
We reall now important result when one gets interest on periodi approxi-
mants spetra. It allows to know the way the intervals of σk,p are inluded in
σk−1,p. It requires some denitions:
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Denition 1. For a given k, we all
type I gap : a band of σk,1 inluded in a band of σk,0 and therefore in a gap
of σk+1,0,
type II band : a band of σk+1,0 inluded in a band of σk,−1 and in a gap of
σk,0,
type III band : a band of σk+1,0 inluded in a band of σk,0 and in a gap of
σk,1.
It is proved in [26℄ these denitions exhaust all the possible onguration
with the following lemma
Lemma 3. (Raymond) At a given level k,
(i) a type I gap ontains an unique type II band of σk+2,0.
(ii) a type II band ontains (ak+1 + 1) bands of type I of σk+1,1. They are
alternated with (ak+1) type III bands of σk+2,0
(iii) a type III band ontains (ak+1) bands of type I of σk+1,1. They are
alternated with (ak+1 − 1) type III bands of σk+2,0
As stated above, Hβn spetrum is made by a growing number of intervals of
dereasing length as n is inreasing. We reall now a result obtain in [25℄ whih
allows to ontrol the length of the bands of σk,p at any level k. We need again
some notations to resume it:
Let A = {I, II, III} be an alphabet. For eah band B of spetrum at level
k, orrespond an unique word i0i1 . . . ik ∈ An+1 suh that B is a band of type
ik inluded in a band of type ik−1 at level k − 1,...,inluded in a band of type
i0 at level 0. This word will be alled the index of B. More than one band
an have the same index. Let Tn = (ti,j(n))3∗3 be a sequene of matrix and
τ = i0i1 . . . ik an index, we dene:
Lτ (T ) = ti0,i1(1)ti1,i2(2) . . . tik−1,ik(k).
We an now reall the result in [25℄:
Theorem 5. (Liu, Wen) If β = [a1, a2...] be an irrational number in [0, 1] and
Hβ dene as above with V > 20 then any band B of index τ verify,
4Lτ (Q) ≤ |B| ≤ 4Lτ(P )
where P = (Pn)n>0
Pn =

 0 can−11 0c1/an 0 c1/an
c1/an 0 c1/an


with c1 =
3
V−8 and Q = (Qn)n>0
Qn =

 0 can−12 0c2(an + 2)−3 0 c2(an + 2)−3
c2(an + 2)
−3 0 c2(an + 2)−3


with c2 =
1
V+5 .
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By now, we dene the periodi approximants spetrum not only in R but in
C.
σδk,0 = {z ∈ C : |xk(z)| ≤ 2 + δ}
All the proposition above keep true replaing σk,p by σ
δ
k,p for some small
enough xed δ. A ondition on V should be added to keep the invariant formula,
V > λ(δ) = [12(1 + δ)2 + 8(1 + δ)3 + 4]1/2.
The following proposition states, due to lassial Koebe distortion theorem,
the height of this set is almost the same that its length.
Proposition 3. If k ≥ 3, δ > 0 and V > 20 then there exists onstants
cδ,dδ > 0 suh that
qk−1⋃
j=1
B(x
(j)
k , rk) ⊆ σδk,0 ⊆
qk−1⋃
j=1
B(x
(j)
k , Rk)
where {x(j)k }1≤j≤qk−1 are the zeros of xk, rk = cδ infτ Lτ (Q) and Rk = dδ supτ Lτ (P ).
Proof. The proof follows the same steps that in [10℄. Let Cj be a onneted
omponent of σ2δk,0. With V > max{20, λ(2δ)}, it is easy to see that Cj ontains
exatly one of a qk−1 zeros of σδk,0, x
(j)
k . And it is lear that Cj ontains one
onneted omponent of σδk,0, denoted by C˜j . It sue to show that
B(x
(j)
k , rk) ⊆ C˜j ⊆ B(x(j)k , Rk). (7)
to obtain the result.
As xk is a proper funtion (as a polynom of z) and Cj ontains an unique
zero, its degree is 1.
xk : int(Cj)→ B(0, 2 + 2δ)
is univalent and so
x−1k : B(0, 2 + 2δ)→ int(Cj)
is well dene and univalent too. Consequently, the funtion
F : B(0, 1)→ C, F (z) = x
−1
k ((2 + 2δ)z)− x(j)k
(2 + 2δ)(x−1k )′(0)
is univalent on B(0, 1). learly, we have F (0) = 0 and F ′(0) = 1.
Applying Koebe distortion theorem , we get
|z|
(1 + |z|)2 ≤ |F (z)| ≤
|z|
(1− |z|)2 , |z| ≤ 1.
Evaluating this for |z| = 2+δ2+2δ , one has
(2 + δ)(2 + 2δ)
(4 + 3δ)2
≤ F (z) ≤ (2 + δ)(2 + 2δ)
δ2
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By denition of F this implies
|x−1k ((2 + 2δ)z)− x(j)k | ≤
(2 + δ)(2 + 2δ)
δ2
|(x−1k )′(0)|
|x−1k ((2 + 2δ)z)− x(j)k | ≥
(2 + δ)(2 + 2δ)
(4 + 3δ)2
|(x−1k )′(0)|
And then for |z| = 2 + δ,
|x−1k (z)− x(j)k | ≤
(2 + δ)(2 + 2δ)
δ2
|(x−1k )′(0)|
|x−1k (z)− x(j)k | ≥
(2 + δ)(2 + 2δ)
(4 + 3δ)2
|(x−1k )′(0)|
It sues with |(x−1k )′(0)| = |x′k(x(j)k )| to remark that
rk ≤ |(x−1k )′(0)| ≤ Rk
and with |z| = 2+δ, x−1k (z) runs through the entire boundary of C˜j to onlude.
We stated the following tehnial lemma to replae {Gk}k by {qk}k
Lemma 4. If D = lim supk
log qk
k is nite then there exists a onstant d > 1
suh that
Gdk > qk
for all level k.
Proof. By assumption, there exists a onstant c suh that
qk ≤ ck
for all k. It is lear by the denitions of the two sequenes that
Gk ≤ qk
and that Gk is bigger that the bonai sequene. It sues to hoose d greater
than
log c
log ω where ω is the golden mean.
Proof of theorem 1. We have now all the required tools to nish the proof of
the theorem 1.
As x
(j)
k are real, we have
σδk,0 ⊆ {z ∈ C:|Imz| < Rk} ⊆ {z ∈ C:|Imz| < dq−γ(V )k }.
for a suitable γ(V ) . This implies
σδk,0 ∪ σδk,1 ⊆ {z ∈ C:|Imz| < dq−γ(V )k }. (8)
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Let us preise how to hoose γ(V ).
We need to major Rk. Rk is the supremum of produts of k elements of
matrix Pn. All the oeients in Pn are maximal for an = 1. The worst ase
possible happens when a band has a index history type I ontaining a band of
type II, in that ase the oeient ould be trivial equal to 1 (if an = 1). But
beause of ombinatori behavior of bands desribed by the proposition 3, this
situation an't our more than half of the time. Consequently this implies
Rk ≤ ck/21
We should have Rk < dq
−γ(V )
k so a suitable γ an be hosen by taking:
γ(V ) ≤ lim sup
k
−k log c1
2 log qk
.
For ε = Imz > 0, we get a lower uniform lower bound for |xn(E + iε)| with
E ∈ [−K,K] ⊂ R. For a xed ε > 0, we hoose k suh that dq−γ(V )k < ε. With
(8), this shows |xk(E+ iε)| > 2+ δ and |zk(E+ iε)| > 2+ δ. As |x−1(E+ iε)| =
2 ≤ 2 + δ we are in the situation of the proposition 2 and we have the bound
|xj | ≥ elog(1+δ)Gj−k + 1 ∀j > k.
And applying Lemma 4, we obtain
|xj | ≥ elog(1+δ)q
d
j−k + 1 ∀j > k. (9)
All this motivates the following denitions:
Denition 2. For δ > 0, T > 1, denote by k(T ) the unique integer with
q
γ(V )
k(T )−1
dδ
≤ T ≤
q
γ(V )
k(T )
dδ
and let
N(T ) = q
k(T )+⌊
√
k(T )⌋.
It is then easy to see for T large enough and for every ν > 0, that we have
a onstant Cν > 0 suh that
N(T ) . CνT
1
γ(V )T ν. (10)
Applying theorem 4 and above estimate, we get
Pd(N(T ), T ) . exp(−cN(T )) + T 3
∫ K
−K
(
max
1≤qn≤N(T )
∥∥∥∥Mn(E + iT )
∥∥∥∥
2
)−1
dE, )
. exp(−cN(T )) + T 3e−2 log(1+δ)G⌊√k(T )⌋
. exp(−cN(T )) + T 3e−2 log(1+δ)q
d
⌊
√
k(T )⌋ .
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From this bound, it is lear that Pd(N(T ), T ) goes to zero faster than any
inverse power. One gets the same bound for Pg(N(T ), T ) beause of the sym-
metry of the potential. Finally, one an onlude that
α+u ≤ α
with
α =
1
γ(V )
+ ν
and ν arbitrary small.
For the seond part of the theorem, notie the onstant 2 appears from the
hoie of γ(V ) onsidering the worst oeient in matrix Pn. But assuming
there no 1 in ontinued fration development, one gets
Rk ≤ ck1
and
γ(V ) ≤ lim sup
k
−k log c1
log qk
.
4 A pathologial ounter-example
The statements above holds if D < +∞. In the ase D = +∞, we exhibit in
the next statement a ounter example. It is still an open question if D = +∞
implies ballisti motion.
Theorem 6. There exists an irrational number ω with D = +∞ suh that for
any V > 20.
α+u = 1.
The proof, made by indution, follows the lines of pathologial example in
[23℄. The main idea is that, hoosing an irrational number lose to rational
numbers (with large values for the sequene {ak}k), potentials of Hβ and Hβn
oinide on large sale of time. Large enough to say that Hβ and Hβn have
the same dynamial behavior. It is well known that periodi operator Hβn has
ballisti motion.
We make now these ideas more preise and rst prove the following lemma:
Lemma 5. Sturmian potentials of operator Hβ and Hβn have the same rst
qn+1 values.
Proof. To prove this, we reall the iterative onstrution of sturmian word that
oinide with our potential. For details and proof, see e.g. [24℄. Denote W0 = 0
et W1 = 0
a1−1V and dene the sequene of sturmian words by
Wk+1 =W
ak+1
k Wk−1, k ≥ 1.
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Eah word Wk has length qk.
As Hβ and Hβn have the same rst n terms of ontinued fration expansion,
words W0,W1, ...Wn are the same for Hβ and Hβn .
For Hβn , the limit word W∞ is periodi with period qn and repeat endless
the word Wn. As Wn =W
an
n−1Wn−2, one has
W∞n =W
an+1
n W
an
n−1Wn−2W
∞
n .
This shows that the potential Hωn begins with the word W
an+1
n Wn−1 whih is
the word Wn+1 for Hω . As Wn+1 is qn+1 long, this ends the proof.
We need another lemma, one an nd in [23℄. It states that two operators
have lose dynami (on some sale of time T ) if their potentials are lose enough.
We make this idea more preise by realling this lemma:
Lemma 6. Let H1 = ∆+ V1 and H2 = ∆+ V2 ating on l
2(Z), and suh that
|V1(k)|, |V2(k)| < C for all k ∈ Z and some onstant C. Let T > 0 and ε > 0
be xed onstant then if it exists L(T, ε), δ > 0 suh that |V1(k)−V2(k)| < δ for
all |k| < L, then
|〈|X |2H1〉T − 〈|X |2H2〉T | < ε.
We get bak to the onstrution.
Proof of theorem 6. As Hωn is a periodi potential operator, one has
〈|X |2Hωn 〉T > CnT 2.
hoose Tn big enough suh that
Cn >
1
logTn
.
One an then hoose an+1 suh that L(Tn, 1) ≤ qn+1. Then Lemma 6 implies
〈|X |2Hω〉Tn >
T 2n
logTn
− 1. (11)
Indutively, we have a sequene Tn going to innity and an irrational number
ω with
〈|X |2〉Tn >
T 2n
logTn
− 1 > T 2−εn , ∀ε > 0
whih yields to
α+u ≥ β−δ1(2) > 1− ε, ∀ε > 0.
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5 Lower bound for the box ounting dimension
of the spetrum
We give now a lower bound of the fratal box ounting dimension of the spetrum
of operator Hβ . We reall now the dention. If one denotes N(ε) the number
of balls of diameter at most ε one need to over σ, then the upper box ounting
dimension is dened by
dim+B = lim sup
ε→0
logN(ε)
log ε
The spetrum is approahed by the band spetrum of periodi Hβn . More-
over, in [26, 25℄, we have preise informations of the number of bands and their
length. It allows to give a lower bound of minimal number of set of some de-
reasing sale needed to over the spetrum and then to give a lower bound of
box dimension of the limit set. The rst idea to over the spetrum an be to
take into aount all the bands and take as a sale the smaller length, but this
is a bad idea beause this minimal length dereases faster than the number of
intervals grows. The seond idea an be to ount the number of bands that
have the maximal length, in terms of inverse power of V . This yields to a better
lower bound for the box dimension of the spetrum for almost every irrational
numbers.
Fixing the irrational number, one an improve this method, by ounting
preisely the number of band that have a partiular length. It has been made for
Fibonai number in [31℄ where the full fratal spetrum has been investigated.
The length of a band is depending of its history, in that ase, the times it gets
by a type I band. Hene, one obtains this way all the ontribution at any sale
to the box dimension. It is shown their result is optimal with V inreasing and
one has for β = [0, 1, 1, . . . ]
dimB(σ(Hβ)) ≈ log(1 +
√
2)
logV
.
An other example, simpler than golden mean is silver ratio. Fix β =
[0, 2, 2, . . . ], then all the bands have the same length up to a onstant inde-
pendent of V . Namely, all bands at level k have length ckV
−k
, where ck is a
onstant depending of history of the band but not of V .
This implies that one has:
dimB(σ(Hβ)) ≥ − lim inf
k
log qk
log ckV −k
≈ log(1 +
√
2)
logV
.
It is easy to show with same kind of argument the other side inequality and
hene we obtain the same estimation for this ase
dimB(σ(Hβ)) ≈ log(1 +
√
2)
logV
.
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It is quite astonishing that both golden mean and silver ratio yield the same
fratal dimension estimate.
Going bak to the general ase, we will apply the same method used for
silver mean, that is ount the number of band at level k that have length equal
to ckV
−k
. We obtain:
Theorem 7. Denote Ck =
3
k
∑k
j=1 log(aj + 2). We have for any irrational
number β verifying C = lim supCk < +∞ and V > 20:
dim+B(σ) ≥
1
2
log 2
C + log(V + 5)
(12)
where σ is the spetrum of Hβ.
Remark 3. As in theorem 1, C nite is a full ondition equivalent to D nite.
The following lemma give preise statement of the ounting idea.
Lemma 7. Denote nk,I , nk,II and nk,III the number of bands of type respetively
I, II et III in respetively σk,1, σk+1,0, σk+1,0 and with a length greater than
εk = 4Π
k
j=1(V + 5)
−1(aj + 2)−3.
For all k, we have the following indution relation:
nk+1,I = (ak+1 + 1)nk,II + ak+1nk,III ,
nk+1,II = 1{ak+1≤2}nk,I ,
nk+1,III = ak+1nk,II + (ak+1 − 1)nk,III .
With initials onditions n0,I = 1, n0,II = 0, n0,III = 1.
Moreover this three sequenes verify the following properties:
nk,II 6= 0
∨
nk,III 6= 0
nk,I 6= 0
nk,I > nk,III
and
nk,II + nk,III > 2
⌊ k2 ⌋
Proof. The indution relation is obvious with (5).
The two rst properties are made by indution. Initial onditions give level
0. Assume it is true at level n, then as ak+1 > 0, nk,II 6= 0
∨
nk,III 6= 0, implies
nk+1,I 6= 0. For the seond part, if ak+1 ≤ 2 then nk+1,II 6= 0, else ak+1 > 2
implies nk+1,III 6= 0.
To prove
nk,I > nk,III
it sues to see that
nk,I = nk,III + nk−1,II + nk−1,III
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.
For the last property, it sues to show that
nk,II + nk,III ≥ 2(nk−2,II + nk−2,III)
Using indution relation, we get
nk,II = [(ak−1 + 1)nk−2,II + ak−1nk−2,III ]1{ak≤2}
nk,III = (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III) + aknk−2,I1{ak−1≤2}
We distinguish 4 ases depending on the values of ak and ak−1.
• If ak > 2 and ak−1 > 2, then we simply get
nk,II + nk,III = (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III)
≥ (ak − 1)(ak−1 − 1)(nk−2,II + nk−2,III)
≥ 4(nk−2,II + nk−2,III).
• If ak ≤ 2 and ak−1 > 2, then one has
nk,II + nk,III = (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III)
+ (ak−1 + 1)nk−2,II + ak−1nk−2,III
≥ akak−1(nk−2,II + nk−2,III)
≥ 3(nk−2,II + nk−2,III)
• If ak > 2 and ak−1 ≤ 2, then one has
nk,II + nk,III = (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III) + aknk−2,I
≥ (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III) + aknk−2,III
≥ (ak − 1)ak−1(nk−2,II + nk−2,III)
≥ 2(nk−2,II + nk−2,III)
• If ak ≤ 2 and ak−1 ≤ 2, then one gets
nk,II + nk,III = (ak − 1)(ak−1nk−2,II + (ak−1 − 1)nk−2,III)+
aknk−2,I + (ak−1 + 1)nk−2,II + ak−1nk−2,III
And one obtains
nk,II + nk,III ≥ ((ak − 1)ak−1 + ak−1 + 1)nk−2,II
+ ((ak − 1)(ak−1 − 1) + (ak−1 + ak)nk−2,III
≥ (akak−1 + 1)nk−2,II + (ak−1 + ak)nk−2,III
≥ 2(nk−2,II + nk−2,III).
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Proof of theorem 7. With previous lemma, we nd a bound for nk,II + nk,III ,
that is the number of bands of length at least εk. To make sure we have a
disjoint over we onsider only half of the bands. Eah band is then separeted
by another band we does not ount. Then by denition of box dimension, we
have
dim+B(σ) ≥ lim inf
k
log 1/2(nk,II + nk,III)
− log εk .
and the stated result.
Remark 4. The former bound for box dimension provided in [25℄ was
dim+B(σ) ≥ dimH(σ) ≥ max
{
log 2
10 log 2− 3 log t2 ,
logM − log 3
logM − log t2/3
}
.
where M = lim infk→∞(a1a2 . . . ak)
1
k
and t2 =
1
4(V+8) .
For almost all irrational numbers, that is with M equal to the Khinthin
onstant (2.685...), our bound is better than above and for any V > 20. On the
other hand, for all xed V , one has no improvement with some spei numbers.
Fixing β = [0, c, c, . . . ], the bound above goes to 1 and (12) to 0 as c goes to
innity.
A lower bound for box dimension an be relevant to obtain a lower bound
for dynami exponent αu.
Denition 3. A irrational number is said to be a bounded density irrational
number if it fullls the following ondition
lim sup
n
1
n
n∑
i=1
ai < +∞.
Theorem 8. For any bounded density irrational number, we have
α−u ≥
1
2
log 2
C + log(V + 5)
with C = lim sup 3k
∑k
j=1 log(aj + 2).
Proof. It is shown in [28℄ and [31℄ that if the norms of the transfer matrix
are polynomially bounded on the spetrum then we have α−u ≥ dim+B(σ). This
property on the norm of the transfer matrix is shown for irrational with bounded
density in [17℄.
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